We study the evolution of the surface-plasmon resonances of individual ion-beam-shaped prolate gold nanoparticles embedded in a dielectric SiO 2 environment by electron-energy-loss spectroscopy mapping in a scanning transmission electron microscope. The controlled symmetric dielectric environment obtained through the ion-beam-shaping method allows a direct quantitative comparison with numerical results obtained through simulations (auxiliary differential-equation finite-difference time-domain and boundary-element method) and with theoretical results obtained through analytical models (quasistatic model for prolate nanoellipsoids and waveguide model for infinite one-dimensional plasmonic waveguides), with which our experimental results are in very good agreement. We confirm the accuracy of state-of-the-art numerical tools and analytical theories that establish ion-beam shaping as a very promising method to design metal-dielectric nanocomposites with well-predicted optical properties, and with many possible applications in surfaceenhanced Raman spectroscopy and second-harmonic generation, as well as in conventional applications of metamaterials like negative refraction, superimaging, and invisibility cloaking.
I. INTRODUCTION
The ability to control and to confine light below the diffraction limit lies at the heart of the current interest in nanooptics. An approach consists in using the optical response of metallic nanoparticles (NPs) in metal-dielectric nanocomposites, which arises from resonances in the collective oscillations of the conduction electrons. These excitations, localized at the surface of metallic NPs, are called localized surface-plasmon resonances (LSPRs) [1] [2] [3] . One of their interesting features is their ability to focus light at the nanometer scale, leading to strong local fields (called hot spots) near the metal surfaces [4, 5] . The fact that the energy of LSPRs can be tuned through variation of the shape, the size, the composition, or the environment of the metal NPs [3, 6, 7] has opened the way to applications within the domains of biosensing [8] , Raman spectroscopies [9, 10] , solar cells [11] , near-field imaging [12] , enhanced fluorescence spectroscopy [9] , and nanolasers [13] . In addition, plasmonic excitations often play an important part in optical metamaterials [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] (i.e., artificially structured materials with a unit structure considerably smaller than the wavelength of visible light [34] ), like those in negative optical index materials [14, 15] , materials for superresolution applications [17] [18] [19] [20] , and electromagnetic cloaks [21] .
In order to effectively design metal-dielectric nanocomposites for a particular application, the knowledge of the optical properties of the NPs at the nanometer scale is necessary. Near-field techniques, which include scanning optical microscopy [35, 36] and tip-enhanced photoluminescence [37] , allow one to map local-field enhancements. However, these techniques have limited spatial and/or energy resolution. Conversely, electron-energy-loss spectroscopy in a scanning transmission electron microscope (STEM EELS) allows one to map optical properties at the nanoscale [38] . By raster scanning the electron beam over the metallic NPs, STEM EELS delivers information about the photonic local density of states of the metallic NPs in real space and energy space [39] . In other words, STEM
II. EXPERIMENTAL METHODS
We use electron-beam lithography to fabricate Au NP arrays with a narrow size dispersion (21.5 AE 1.5 nm on most specimens) and a well-defined NP interdistance (100 nm) embedded within a dielectric silica (SiO 2 ) matrix. The precise steps of the Au-NP-array fabrication procedure, its parameters and further details can be found in Sec. I A of the Supplemental Material [78] . Additional details can be found in Ref. [79] .
After the fabrication process, samples are irradiated with swift heavy ions to shape the NP morphology. The effects of swift heavy-ion irradiation on metallic NPs embedded in SiO 2 have been studied by different groups [60, 61, 64, 65, 67] who observed that, during irradiation, the silica matrix dilates perpendicular to the beam direction, while the metallic NP deforms and elongates along the beam direction. Moreover, the deformation and elongation of the metallic NP depends on its initial size and shape, its chemical composition, the irradiation fluence, and the position where the NP is placed in the matrix with respect to the substrate [67] . For fluences larger than about 2 to 3 × 10 14 cm −2 , both D max and D min reach a steady-state value, i.e., 110.1 AE 5.2 nm for D max and 9.9 AE 1.0 nm for D min . However, for fluences higher than about 5 to 6 × 10 14 cm −2 , the nanowires tend to become unstable and to break up into smaller fragments.
It has to be pointed out that the most appropriate parameter to study the evolution of the LSPR modes is not the irradiation fluence but the aspect ratio (D max =D min ). Thus, in Fig. 2(b) , the relationship between these two parameters is reported. The aspect ratio increases slowly up to a fluence of approximately 1 × 10 14 cm −2 . This corresponds to the transformation of the spheres into faceted NPs. However, for larger fluences, a rapid increase of the aspect ratio is observed. This increase corresponds to the transformation of the faceted NPs into nanorods and nanowires. Finally, for fluences larger than approximately 3 to 4 × 10 14 cm −2 , the aspect ratio reaches a plateau at a value of approximately 11.
It is worth noting that, because of their initial narrow size dispersion, all of the ion-shaped NPs in the array have nearly the same morphology for each irradiation fluence. Small fluctuations in the elongation rate are nonetheless observed [see Figs. 1(b)-1(d)], as prolate nanoparticles originating from smaller or bigger nanospheres, respectively, evolve further away or less far at the same fluence values (see previous work [65, 67, 71] for a quantitative study of the shaping of gold nanoparticles by a swift heavyion beam).
We also observe that the pitch we choose for the array is sufficient to avoid any interaction among the NPs, i.e., their evolutions are independent of each other. Thus, for the study of the evolution of the LSPR modes, the evolution of a single NP is representative of the evolution of the ensemble of the NPs forming the array.
The parameters and technical details of the NP shaping by ion-irradiation procedure can be found in Sec. I B of the Supplemental Material [78] . Additional details can be found in Refs. [60, 61, 64, 65, 67, 80] .
The irradiated Au NP arrays are then prepared in a crosssection geometry by a standard focused-ion-beam (FIB) technique and mounted on a STEM operating at 100 kVand fitted with a custom scanning and spectral imaging unit, allowing simultaneous high-angle annular dark-field (HAADF) imaging and EELS spectrum acquisition. From a classical electrodynamics perspective, electrons from the incident STEM electron beam excite NP plasmons due to the coupling of their electromagnetic field to the plasmonic evanescent-field components close to the NP surface. As the excitation of a plasmon leads to an energy loss equal to the energy transferred to the plasmon, the EELS spectrum contains resonances that reflect the plasmons which are excited at the position of the beam. Spatially resolved experiments are performed by scanning the electron beam over the sample and by recording a full EELS spectrum for each electron-beam position. EELS maps are then obtained by plotting the spatial variations of the EELS signal filtered for a given resonance energy. As a consequence, the EELS maps show the spatial variations of the plasmon mode that is resonant at this energy [40] . Further details of the plasmon mapping procedure can be found in Sec. I C of the Supplemental Material [78] . Additional details can be found in Ref. [81] .
III. NUMERICAL METHODS AND THEORY
We compare these experimental results to numerical ADE-FDTD simulations and to BEM simulations, as well as to analytical solutions of Maxwell's equations within two different approximations (the quasistatic approximation for prolate nanoellipsoids and the waveguide approximation for infinite one-dimensional plasmonic waveguides). The NP dimensions necessary for these simulations are determined from the HAADF images.
The ADE-FDTD method is a powerful method to simulate electromagnetic wave propagation in dispersive materials with arbitrary geometries and has proven to be well adapted to different kinds of numerical spectroscopic studies, particularly in plasmonics [82] [83] [84] . Further details can be found in Sec. II A of the Supplemental Material [78] . Additional details can be found in Refs. [85] [86] [87] [88] . In the following, we use the ADE-FDTD method to simulate the electric-field enhancement induced by a plane-wave excitation on the NP.
In all of the electric-field enhancement maps simulated by ADE FDTD, the volume of the nanoparticles is discretized within the staircase approximation with a space step of 0.4 nm (except in the case of the spherical NP, where the space step is 0.2 nm). The energy imprecision of the ADE-FDTD calculations is approximately 0.02 eV. (However, this imprecision does not take into account any possible imprecisions of the used dielectric function itself.) In almost all of the simulations, the electric field E of the incident plane wave is parallel to the long axis of the nanoparticle. The only exceptions are the maps showing either transverse modes or longitudinal plasmonic modes with a zero dipole moment which cannot be excited in this geometry. Thus, in these maps, the electric field E of the incident plane wave creates a 90°angle (45°angle) for the excitation of the transverse modes (the excitation of the longitudinal plasmonic modes with a zero dipole moment) with the long axis of the nanoparticle.
The BEM method allows us to calculate the plasmonic excitation of the Au NP in response to the incident electron beam of the STEM. The MNPBEM code developed by Hohenester and Trügler [89] [90] [91] , which in recent years has been extensively used for the simulation of plasmonic nanoparticles [92] [93] [94] [95] [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] , is used for these simulations. Further details can be found in Sec. II B of the Supplemental Material [78] . Additional details can be found in Refs. [89] [90] [91] 109, 110] . We use the BEM method to simulate the EELS experiments.
In all of the EELS maps simulated by MNPBEM, the surfaces of the four NPs are discretized through triangulation. The size of the triangles (for the sphere and the faceted nanoparticle) and the quadrilaterals (for the nanorod and the nanowire) varies between approximately 1 nm (on curved surface parts) and approximately 3 nm (on flat surface parts). The positions of the vertices of the triangles and quadrilaterals in space are not discretized. This way, the dimensions and the overall surface of all four NPs are reproduced within a precision of 0.1 nm. (An exception is the triangulated surface of the faceted NP, which presents a 1-nm large irregularity at one of its ends.) The energy imprecision of the MNPBEM calculations is approximately 0.01 eV. (However, this imprecision does not take into account any possible imprecisions of the used dielectric function itself.)
In order to ascertain a better comparability, the same dielectric functions are used for the ADE-FDTD simulations, the MNPBEM simulations, and the two analytical models (the quasistatic model and the waveguide model). In the ADE-FDTD method, the permittivity of a dispersive material is described by a superposition of several oscillators described by the Debye, the Drude, or the Lorentz dispersion model. In order to describe the gold refractive index tabulated by Palik [111] between 0.5 and 3 eV, we fit these data by one Drude oscillator and two Lorentz oscillators. The numerical values of the parameters as well as the graphs of the resulting dielectric functions are shown in Sec. II C in the Supplemental Material [78] . Additional details can be found in Refs. [2, 111, 112] .
When comparing electric-field enhancement maps simulated by ADE-FDTD and EELS maps simulated by MNPBEM to each other as well as to experimental STEM-EELS maps, one has to be aware of three main differences between these two simulation methods.
First, in contrast to ADE-FDTD simulations, the MNPBEM simulations show not the electric-field enhancement but the probability to excite a plasmon of a particular energy by placing a focused high-energy electron beam at a particular location on or next to the specimen, as is also the case in the experimental STEM-EELS map. Second, in contrast to ADE-FDTD simulations, which use a plane electromagnetic wave as excitation, in the MNPBEM simulations, for each image point, a localized electron beam at the same point (generating an electromagnetic wave which is more similar to dipole radiation than to a plane electromagnetic wave [113] ) is used as excitation of the plasmonic resonance (i.e., the source of excitation is different for each image point). Third, resonance is defined differently in each of the two simulation methods: in the ADE-FDTD simulations, the energy at which the total normalized electric field jEj=jE 0 j is maximized in an arbitrary point of the specimen is taken as the resonance energy, whereas, in the MNPBEM simulations, the energy at which the plasmonic excitation probability is maximized at an arbitrary point of the specimen is taken as the resonance energy.
Therefore, the electric-field enhancement maps simulated by ADE FDTD and the EELS maps simulated by MNPBEM are complementary. The EELS maps simulated by MNPBEM allow for a more direct comparison with the experimental EELS maps, whereas the electric-field enhancement maps simulated by ADE FDTD allow one to make better predictions of the optical properties of the studied NPs. As both maps show different quantities, we expect them to differ, and we do not expect precise quantitative agreement between the plasmonic resonance energies obtained by these two simulation methods for all possible NP geometries, either, even if for simple NP geometries (as studied here) the quantitative agreement seems to be very good (see Table I ).
IV. EXPERIMENTAL AND SIMULATED PLASMONIC PROPERTIES OF THE SHAPED PARTICLES
In this section, we investigate the evolution of the LSPR modes as a function of the shape and the rising aspect ratio (nanosphere, faceted nanoparticle, nanorod, and nanowire), which are directly related to the irradiation fluence [see Fig. 2(b) ]. For each nanoparticle type, experimental EELS maps obtained from the STEM-EELS analysis are compared to EELS maps simulated by MNPBEM and to electricfield enhancement maps simulated by ADE FDTD.
The evolution of the shape of the gold NPs takes place at a constant volume. However, the study of the plasmonic response is performed on NPs which evolve from different initial volumes. The reason is that the preparation of thin cross sections (with an approximate thickness of 0.1 μm) out of the irradiated specimen, which is necessary for the plasmon mapping in a STEM (see Sec. I C in the Supplemental Material [78] ), makes the specimen unsuitable for further irradiation, where a thick specimen is required to ascertain the isotropy of the system in the plane perpendicular to the irradiation direction (see Sec. I B in the Supplemental Material [78] ).
The measurement uncertainties of the NPs dimensions given in the following sections are based on the measurement imprecision of these values on the STEM-HAADF images of the NPs. In addition, all of these values are subject to an additional bias of AE10% caused by the calibration imprecision of the electron microscope. This additional bias affects the absolute size of the NPs but not their aspect ratios, and it is not mentioned explicitly in the following sections. The energy resolution of the EELS spectra differs between different nanoparticles and lies between approximately 0.10 and 0.15 eV.
A. Experimental EELS maps (STEM EELS)
The typical shape of nonirradiated nanoparticles is spherical with an aspect ratio of 1.0 AE 0.1 [see Fig. 2(b) ]. As an example, Fig. 3(a) shows the HAADF-STEM image of an isolated Au NP of dimensions ð24.4 AE 0.6 nmÞ× ð22.1 AE 0.6 nmÞ. This Au NP is approximately spherical (aspect ratio, 1.10 AE 0.05) and its volume is equal to that of a sphere with a diameter of 22.8 AE 0.6 nm.
The corresponding integrated EELS spectrum is shown in Fig. 3(b) . It is obtained by summing up all of the individual EELS spectra acquired over the NP (see Sec. I C in the Supplemental Material [78] ). It unveils an intense peak at the energy of 2.22 eV. This resonance corresponds to the LSPR dipolar mode of a gold NP embedded within a silica matrix. In other words, the observed resonance is associated with the fulfillment of the Fröhlich condition, ε Au1 ¼ −2ε SiO 2 1 , where ε Au1 is the real part of the dielectric function of the Au NP and ε SiO 2 1 the real part of the dielectric function of the embedding silica medium. The experimental EELS map corresponding to the dipolar resonance in the integrated EELS spectra is shown in Fig. 3(c) . Because of the almost-spherical symmetry of the NP, the dipolar LSPR is almost homogeneously distributed over the surface of the sphere (in STEM EELS, the source of excitation is different for each image point). The asymmetries in the EELS map are attributed to imperfections of the spherical NP and to the slight deviation from the spherical shape.
An irradiation of spherical NPs by the swift heavy-ion beam results first in their transformation into prolate faceted NPs with an aspect ratio of roughly 2 AE 0.5 [see Figs. 1(b) and 2(b)]. The prolate faceted NP shown in Fig. 4 (a) has a length of 61.6 AE 2.1 nm and a width of 31.4 AE 1.0 nm, and thus an aspect ratio of 1.96 AE 0.14. For nonspherical NPs in the dipole limit (D ≪ λ), the resonance condition is modified to account for the change in boundary conditions at the NP surface. For spheroidlike NPs, this change results in long-axis (longitudinal) and short-axis (transverse) dipole plasmon modes which are shifted with respect to the plasmon dipole resonance frequency (energy) of a spherical NP. The longitudinal mode is shifted towards lower energies and the transverse mode towards higher energies.
In the integrated EELS spectrum, the longitudinal and transverse plasmon modes are observed, respectively, at Fig. 4 , one would expect the weak resonance at 2.45 eV in Fig. 5 (e) to be identified as the transverse mode of the particle. However, owing to the onset of interband transitions at the same energy (see Sec. II C in the Supplemental Material [78] ), the observed weak resonance peak at 2.45 eV cannot be ascribed to the transverse mode.
A further increase of the fluence transforms the nanorods into nanowires of approximate aspect ratios of 9 AE 3 [see Figs. 1(d) and 2(b)], or even higher for nanorods which are initiated from nanospheres significantly bigger than 21.5 AE 1.5 nm. The STEM-HAADF image in Fig. 6 (a) shows a Au nanowire with a length of 92.6 AE 3.3 nm and a width of 7.8 AE 1.3 nm, and thus an aspect ratio of 11.9 AE 2.9. [Based on its volume, we conclude that it develops from a nanosphere of diameter 20.4 AE 2.6 nm, which is considerably lower than the nanosphere the prolate faceted nanoparticle develops from (a diameter of Analogous to the faceted prolate particle in Fig. 4 , one would expect the weak resonance at 2.40 eV in Fig. 6 (f) to be identified as the transverse mode of the particle. However, owing to the onset of interband transitions at the same energy (see Sec. II C in the Supplemental Material [78] ), the observed weak resonance peak at 2.40 eV cannot be ascribed to the transverse mode. As this is already the case for the nanorod (see Fig. 5 ), it is also to be expected for the nanowire as, due its higher aspect ratio (11.9 AE 2.9, as opposed to 4.6 AE 0.8 for the nanorod), its transverse mode is expected to be even more blueshifted with respect to the dipolar mode of the nanosphere than the transverse mode of the nanorod.
FIG. 5. Nanorod. (a) STEM-HAADF image. (b) EELS spectrum. (c)-(e) Experimental EELS map (obtained by STEM EELS). (f)-(h) Simulated electric-field enhancement map (obtained by ADE FDTD). (i)-(k) Simulated EELS map (obtained by MNPBEM).
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B. Simulated EELS maps (MNPBEM)
In order to simulate the EELS map of the spherical Au NP in Fig. 3 , this NP is modeled as a perfect sphere with a diameter of 22.8 nm (not shown) and as an ellipsoid with the three axes 24.4 × 22.1 × 22.1 nm (aspect ratio, 1.10) in the MNPBEM simulations.
The MNPBEM simulations in Fig. 3 (e) show a simulated EELS map of a plasmonic excitation at a resonance energy of 2.22 eV. The plasmonic excitation is almost homogeneously distributed over the surface of the Au nanoellipsoid with a 1.10 aspect ratio and can be identified as the dipolar mode of this NP. [In experimental as well as in simulated EELS maps, the source of excitation is different for each image point (see Sec. III for further details), which leads to a homogeneous distribution of the dipolar mode in the case of a perfectly spherical (or close to perfectly spherical) particle.]
The faceted prolate nanoparticle in Fig. 4 is modeled as an octahedron covered with an adaptive surface mesh using the DistMesh mesh-generation script [114] enhanced with custom scaled edge-length functions so that the mesh density is higher at the corners and edges and lower at the flat surfaces, and with custom signed distance functions so that all of the edges and corners are rounded. An alternative way to obtain the same octahedron is to start with a regular octahedron in which all three axes equal 100 nm and to roll a sphere with a 21-nm radius over the entire surface. The surface on which the center of this sphere moves defines a new (142 × 142 × 142)-nm octahedron with rounded corners and edges. By contracting this octahedron by a factor of 61.6 nm=142 nm in one dimension and by the factor of 31.4 nm=142 nm in the other two dimensions, one obtains the octahedron used for the MNPBEM simulations, which has the dimensions 62.0 × 31.5 × 31.5 nm after a rounding of the edges and corners.
The MNPBEM simulations in Figs. 4(g) and 4(h) show simulated EELS maps at plasmonic resonance energies of 1.94 and of 2.31 eV, respectively, which can be identified as the longitudinal and the transverse mode of the prolate faceted Au nanoparticle.
The nanorod in Fig. 5 is modeled as a cylinder terminated on both ends by a hemispherical cap. The diameter of the cylinder is 11.2 nm and the length of the total structure (including the hemispherical caps) is 51.1 nm. The MNPBEM simulations in Figs. 5(i) and 5(j) show simulated EELS maps at the plasmonic resonance energies of 1.29 and 1.95 eV, respectively, which can be identified as the first longitudinal mode (the dipolar mode) and as the second longitudinal harmonic of the Au nanorod, respectively. Analogous to the faceted prolate particle in Fig. 4 , one would expect the resonance at 2.60 eV in Fig. 5 (e) to be identified as the transverse mode of the particle. However, owing to the onset of interband transitions at the same energy (see Sec. II C in the Supplemental Material [78] ), the observed resonance peak at 2.60 eV cannot be ascribed to the transverse mode.
The nanowire in Fig. 6 is modeled as a cylinder terminated on both ends by a hemispherical cap. The diameter of the cylinder is 7.8 nm and the length of the total structure (including the hemispherical caps) is 92.6 nm. The MNPBEM simulations in Figs. 6(k)-6(m) show simulated EELS maps at plasmonic resonance energies of 0.67, 1.17, and 1.53 eV, respectively, which can be identified as the first longitudinal mode (the dipolar mode), the second longitudinal harmonic, and the third longitudinal harmonic of the Au nanowire. As for the nanorod, owing to the onset of interband transitions (see Sec. II C in the Supplemental Material [78] ), the observed resonance peak at 2.60 eV in Fig. 6 (n) cannot be ascribed to the transverse mode.
C. Simulated electric-field enhancement maps (ADE FDTD)
The optical behavior of the spherical Au NP in Fig. 3 is modeled using a simple spherical geometry for a spherical NP with a diameter of 22.8 nm (not shown), and a simple ellipsoidal geometry for an ellipsoidal NP with the three axes 24.4 × 22.1 × 22.1 nm (and thus with an aspect ratio equal to 1.10). The modification of the local field induced by this NP when embedded in a silica matrix is simulated with the ADE-FDTD code, and the results for the ellipsoidal NP are shown in Fig. 3(d) . Here, the field distribution is represented as the ratio between the amplitude of the electric field with and without the NP, i.e., jEj=jE 0 j. It is worth noting that, due to electric-field polarization, the field intensity (jEj=jE 0 j) is more important at the poles. The maximum of the intensity, i.e., the resonant dipolar mode, is obtained for an energy of 2.27 eV. The irregularities in the ADE-FDTD map are most probably due to the staircase approximation.
The real morphology of the ion-shaped faceted NP in Fig. 4 is quite complicated. Thus, for the ADE-FDTD simulations, it is approximated by an octahedron with rounded corners and edges (see Sec. IV B for further details). ADE-FDTD simulations are performed for a NP having a major axis of 61.6 nm and two minor axes of 31.4 nm. We obtain the values of 1.78 eV for the longitudinal mode and 2.29 eV for the transverse mode [see Figs. 4(e) and 4(f)].
We perform ADE-FDTD simulations for the Au nanorod in Fig. 5 with a length of 51.1 nm and a width of 11.2 nm using a straight cylinder terminated by hemispherical caps. Figures 5(f)-5(h) show the field distributions at the peak maxima found at the energy positions of 1.24, 1.91, and approximately 2.54 eV. It has to be pointed out that the second longitudinal harmonic shown in Fig. 5 (g) has a zero dipole moment, and that it is thus excited with the electric field E of the incident plane wave creating a 45°angle with the long axis of the nanoparticle, which results in the noticeable asymmetry between the left and the right part of Fig. 5 
(g).
A straight-cylinder geometry terminated by hemispherical caps is also used for the ADE-FDTD simulations for the Au nanowire in Fig. 6 , only this time with a length of 92.6 nm and a width of 7.8 nm. Figures 6(g)-6 (j) show the field distributions at the peak maxima found at the energy positions of 0.67, 1.15, 1.46, and approximately 2.60 eV.
As is the case in Fig. 5(g ) for the nanorod, the second longitudinal harmonic of the nanowire shown in Fig. 6 (h) also has a zero dipole moment. It is thus excited with the electric field E of the incident plane wave creating a 45°angle with the long axis of the nanoparticle, which results in the noticeable asymmetry between the left and the right part of Fig. 6(h) .
Overall, our results show the shifts in resonance energy due to NP length (e.g., Fig. 3 versus Figs. 4-6 ). As expected [47] , the mode energy decreases with an increasing aspect ratio, and higher harmonic modes emerge as the rod aspect ratio increases. Table I summarizes the experimental and numerical values of the energies of the plasmonic resonances.
D. Comparison of simulations and experiments

Nanosphere
Both the ADE-FDTD simulations for a perfect sphere (2.30 eV) and the MNPBEM simulations for a perfect sphere (2.39 eV) return energy values for the plasmon resonance energy which are blueshifted with respect to the experimental one (2.22 eV). By taking into account that the nanosphere deviates slightly from the perfect sphericity and corresponds rather to an ellipsoid with an aspect ratio of 1.10 AE 0.05, both simulation methods return values which are closer to the experimental one (2.22 eV): 2.27 eV (ADE-FDTD simulations) and 2.35 eV (MNPBEM simulations).
A part of this discrepancy between simulations and experiments could be attributed to the fact that, for the simulations, the dielectric function for the Au NP is approximated to its bulk value. However, it has been shown elsewhere [3, 115] that an incorporation of nonlocal size effects into the dielectric function is not necessary for the calculation of the optical properties of nanometer-sized spheres as long as the diameter of the spheres is above 8 nm. However, a similar value (2.27 eV) for 20-nmdiameter gold nanospheres in an n ¼ 1.5 medium has already been reported by another group [116] , who measured this value by optical means and calculated it using Mie theory [117] , and the dielectric function of gold reported by Johnson and Christy [118] . (See also Sec. V B 2 for a discussion of the discrepancy between the experimental value and the analytical model.)
The rest of this discrepancy between simulations and experiments is (from the experimental point of view) probably due to fabrication artifacts (like surface roughness and grain boundaries), which could affect the dielectric function of the Au NPs, as well as (from the numerical LOCALIZED PLASMONIC RESONANCES OF PROLATE … PHYS. REV. APPLIED 9, 064038 (2018) 064038-9 point of view) to the utilization of a tabulated dielectric function from the literature [111] (and thus not measured on our NPs), and to the fitting of this function by Drude and Lorentz oscillators which results in small deviations from the tabulated values (see Sec. II C in the Supplemental Material [78] ). The discrepancy between the two simulation methods [2.27 eV (ADE-FDTD simulations) and 2.35 eV (MNPBEM simulations)] is expected (see Sec. III), even if both methods use the same dielectric function of gold as input. We believe this discrepancy to be due to (a) different definitions of resonance (in the ADE-FDTD simulations, the energy at which the total normalized electric field jEj=jE 0 j is maximized in an arbitrary point of the specimen is taken as the resonance energy, whereas, in the MNPBEM simulations, the energy at which the plasmonic excitation probability is maximized in an arbitrary point of the specimen is taken as the resonance energy), (b) different numerical solution algorithms of the Maxwell equations employed by the two methods, and (c) the existence of different geometrical modeling inaccuracies between the two methods (the ADE-FDTD method discretizes the volume of the nanoparticle within the staircase approximation, whereas the MNPBEM method discretizes the surface of the nanoparticle through a surface triangulation).
Prolate faceted nanoparticle
The simulation results for the prolate faceted nanoparticle are in good agreement with those obtained from EELS analysis and the observed shifts can be explained by the morphological differences between the real and the simulated NP.
Both the ADE-FDTD simulations (1.78 and 2.29 eV) and the MNPBEM simulations (1.94 and 2.31 eV) return energy values for the longitudinal and the transverse plasmon resonance energies which are close to the experimental ones (1.90 and 2.33 eV). The discrepancies are most probably due to morphological differences between the simulated NP and the real NP, which most probably is not a perfect octahedron with rounded corners and edges but instead can have a slightly irregular shape which can be revealed only by electron tomography experiments.
As in the case of the nanosphere, we believe the discrepancy between the two simulation methods [1.78 eV (ADE-FDTD simulations) and 1.90 eV (MNPBEM simulations)] to be due to (a) different definitions of resonance, (b) different numerical solution algorithms, and (c) different geometrical modeling inaccuracies.
Nanorod
The simulation results for the nanorod are in good agreement with those obtained from EELS analysis. 18 and 1.80 eV) . The discrepancies can be attributed to the different dimensions of the nanoparticle and to the probable slightly irregular shape of the real nanoparticle, as well as (as discussed in the case of the nanosphere) to likely differences between the actual dielectric function of the NP and to the one which is used for numerical simulations.
As in the case of the nanosphere and the prolate faceted nanoparticle, we believe the discrepancy between the two simulation methods [1.24 and 1.91 eV (ADE-FDTD simulations) and 1.29 and 1.95 eV (MNPBEM simulations)] to be due to (a) different definitions of resonance, (b) different numerical solution algorithms, and (c) different geometrical modeling inaccuracies.
Nanowire
Again, the simulation results for the nanowire are in good agreement with those obtained from EELS analysis. Both the ADE-FDTD simulations (0.67, 1.15, and 1.46 eV) and the MNPBEM simulations (0.67, 1.17, and 1.53 eV) return energy values for the longitudinal and transverse plasmon resonance energies which are close to the experimental ones (0.86, 1.27, and 1.66 eV). The discrepancies can be attributed to the different dimensions of the nanoparticle and to the probable slightly irregular shape of the real nanoparticle. In particular, the HAADF image suggests that the nanowire is most probably not a perfect cylinder but is gradually thinned down at its ends. Retardation effects which should be noticeable for nanoparticles with dimensions approaching that of the wavelength of exciting light in the surrounding matrix can most probably be excluded as a possible cause of the discrepancies between the experiments and the numerical simulations, as they are accounted for in both the ADE-FDTD and MNPBEM simulations. However, as the diameter of the nanowire is 7.8 AE 1.3 nm, which is comparable to the approximate limit of 8 nm reported elsewhere [3, 115] , an incorporation of nonlocal size effects into the dielectric function might be necessary for the calculation of plasmonic resonance energies for such a thin nanowire.
As in the case of the previous three nanoparticles, we believe the slight discrepancy between the two simulation methods [0.67, 1.15, and 1.46 eV (ADE-FDTD simulations) and 0.67, 1.17, and 1.53 eV (MNPBEM simulations)] to be due to (a) different definitions of resonance, (b) different numerical solution algorithms, and (c) different geometrical modeling inaccuracies.
V. EXPERIMENTAL AND ANALYTICAL PLASMONIC DISPERSION RELATION A. Experimental (STEM-EELS) dispersion relation
In order to compare our experimental data to analytical models, we determine the dispersion relation of the MATHIAS KOBYLKO et al.
PHYS. REV. APPLIED 9, 064038 (2018) 064038-10 plasmonic excitations in the nanoparticles studied here from the collected experimental STEM-EELS data (as was also done by other groups for other NPs [46, 102, 119, 120] Figure 7 shows the dipolar plasmonic mode energies of all 66 studied nanoparticles versus their aspect ratio A ¼ L=w (where L is the length and w the width of the nanoparticle). The results of different length ranges of the nanoparticles (L < 30 nm, 30 nm < L < 60 nm, 60 nm < L < 90 nm, and 90 nm < L) are coded with different colors (dark blue, green, orange, and light blue) in Fig. 7 . The widths of the nonirradiated nanospheres (7 out of the 66 NPs, including the nanosphere shown in Fig. 3 ) equal 23 AE 1.5 nm. The widths of 53 irradiated NPs (including the nanorod shown in Fig. 5 , and the nanowire shown in Fig. 6 ) range from 5.4 to 16.5 nm, with an average value of 9.5 nm and a standard deviation of 2.9 nm. The remaining six irradiated NPs (including the faceted nanoparticle shown in Fig. 4 ) develop from particularly large nanospheres and have particularly large widths ranging from 26.4 to 55 nm (average value of 33.3 nm and standard deviation of 10.9 nm). The lengths of the nonirradiated nanospheres (7 out of the 66 NPs, including the nanosphere shown in Fig. 3 ) equal 23 AE 1.5 nm. The lengths of 57 irradiated NPs (including the faceted nanoparticle shown in Fig. 4 , the nanorod shown in Fig. 5 , and the nanowire shown in Fig. 6 ) range from 23.5 to 120 nm, with an average value of 53 nm and a standard deviation of 30 nm. The remaining two irradiated NPs develop from particularly small nanospheres and have particularly short lengths (18.4 and 20 nm). Analyzing Fig. 7 , one notices that, with an increasing aspect ratio, the energy of the dipolar mode is redshifted, which is consistent with theory and previous work [121] [122] [123] . Figure 8 shows only the dipolar plasmonic mode energies of the nanoparticles of width w between 7.0 and 8.0 nm versus the wave vector β ¼ ðmπ=LÞ of the plasmonic excitation, with m ¼ 1 for the dipolar mode, which implies a phase shift of zero upon reflection at the interfaces (see Sec. III of the Supplemental Material [78] and Refs. [46, 124, 125] for a more detailed discussion). The lengths of these nanoparticles range from 24 to 120 nm. Analyzing Fig. 8 , one notices that the dispersion plot is consistent with that of a propagating surface-plasmonpolariton wave [2] , i.e., close to the light line in SiO 2 for small β values and consistent with a saturation at high β.
In this type of representation, it is not possible to show all of our experimental values in a single graph because of the different widths of the NPs we study. (Even in an energy versus βw representation it would not be possible to show all of our experimental values in a single graph as, in theory, the plasmonic mode energies E are expected to depend not only LOCALIZED PLASMONIC RESONANCES OF PROLATE … PHYS. REV. APPLIED 9, 064038 (2018) 064038-11 on the quantity βw but also, explicitly, on the NP diameter w as soon as retardation effects are taken into account.) Thus, a width interval has to be chosen for this representation. The reason for choosing a width interval between 7.0 and 8.0 nm is that it contains a sufficient number of experimental values from both long and short prolate NPs. The determination of the wave vector β of the plasmonic excitation from the plasmonic resonance energy and the nanoparticle dimensions (as done in Sec. VA for Fig. 8 ) requires knowledge of the phase shift the plasmon is subjected to when reflecting from one of the interfaces between the metallic nanoparticle and the surrounding dielectric matrix. In this work, the phase shift upon reflection at the Au=SiO 2 interface is considered to be equal to 0 (see, however, other work [46, 124, 125] for a further discussion of this subject), which is acceptable here, as the resulting imprecision (approximately 20%) is comparable to the one coming from the determination of aspect ratios of the nanoparticles (approximately 10%; see Sec. III of the Supplemental Material [78] for a more detailed discussion).
Longitudinal plasmon redshifts and transverse plasmon blueshifts and the apparition of higher longitudinal plasmon modes when the nanoparticle sizes and aspect ratios increase have already been predicted [126] and experimentally demonstrated in the literature [46] [47] [48] . Figures 7 and 8 demonstrate that the longitudinal resonance frequencies of the Au nanoparticles in a silica matrix are tunable to a high degree by adjusting their lengths and diameters.
B. Comparison with analytical dispersion relations
Even if numerical MNPBEM and ADE-FDTD simulations can simulate the experimental results with a satisfactory precision and are the only way of predicting the energies of less regular realistic nanoparticle shapes, it is analytical models that especially provide physical insight into the plasmonic excitations of metallic nanoparticles.
Analytical models allow one to formulate hypotheses on how the plasmon energies are expected to depend on the size and shape of the nanoparticles. Comparing analytical models against the experimental results allows one to check experimentally the validity regions of the approximations which underly the analytical model used.
In this section, we introduce two complementary analytical models, the quasistatic model (expected to simulate small-aspect-ratio nanoparticles well) and the waveguide model (expected to simulate high-aspect-ratio nanoparticles well). Comparing the experimental results from the previous section to the analytical results obtained from these two models allows us to determine above which nanowire length the plasmonic excitations in the nanowires studied here may be better approximated by the infinite nanowire approximation (i.e., the waveguide model), rather than the high-aspectratio ellipsoid approximation (i.e., the quasistatic model).
Analytical models (quasistatic model and waveguide model)
The quasistatic model [3] can be used to estimate the energy of the dipolar plasmon resonance in nanoparticles which can be approximated by an ellipsoid. It is based on electrostatic theory with an additional assumption: the dimensions of the nanoparticle are considered to be much smaller than the wavelength of the incident light (respectively the wavelength of the photon having the same energy as the plasmon mode of the nanoparticle). As a consequence, the nanoparticle behaves like an ideal dipole in the oscillating field of incident light or in the oscillating field caused by an incident electron from the electron beam of the STEM. The analytical development of this model is retraced in Sec. IVA of the Supplemental Material [78] . Additional details can be found in Refs. [3, 127] .
The waveguide model can be used to estimate the energies of plasmon resonances in nanoparticles, which can be approximated by long cylinders with high aspect ratios like nanorods and nanowires. In this model, plasmonic excitations are interpreted as standing waves created by electromagnetic modes propagating in metal nanostructures with rotational symmetry surrounded by a dielectric material and reflecting at the ends of the nanostructure. The analytical development of this model is retraced in Sec. IV B of the Supplemental Material [78] . Additional details can be found in Refs. [128] [129] [130] .
Analytical dispersion relation (energy vs aspect ratio)
The analytical "energy vs aspect ratio" dispersion relation can be calculated with the quasistatic model. As within this model the plasmonic resonance energy depends only on the aspect ratio of the nanoparticle and not explicitly on its length and its width, the experimental data of nanoparticles of different widths can be compared to the same analytical curve at the same time. Figure 7 compares the results of the quasistatic model (without fitting) to the experimental data. From the point of view of the NP length, one can see that the plasmonic excitation energies of the NPs which are shorter than 90 nm (the dark blue, green, and orange symbols) are (as expected) well predicted by the quasistatic model. However, exceptions are the NPs shorter than 30 nm, which are slightly overestimated by the quasistatic model. The plasmonic excitation energies of the nanowires which are longer than 90 nm (or, TABLE II. Analytical energy vs aspect-ratio dispersion relation (quasistatic model) compared to the experimental energy values. Aspect ratio 1 < A < 3.5 AE 0.5 3 .5 AE 0.5 < A < 10 AE 2 1 0 AE 2 < A < 16 AE 1
rather, longer than 100 AE 10 nm, upon closer inspection of the experimental values; the light-blue symbols) are (as expected) underestimated by the quasistatic model, which is supposed to describe only those NPs with small aspect ratios. In addition, the quasistatic model does not take into account any retardation effects which could become non-negligible for higher-aspect-ratio NPs. From the point of view of the aspect ratio of the nanoparticle, Table II summarizes the observations from Fig. 7 . ΔE QM ðAÞ is defined as E expt: ðAÞ − E QM ðAÞ, with A being the aspect ratio. The value of ΔE QM ðAÞ is −0.2 AE 0.2 eV for 1 < A < 3.5 AE 0.5, 0.0 AE 0.2 eV for 3.5 AE 0.5 < A < 10 AE 2 and 0.2 AE 0.2 eV for 10 AE 2 < A < 16 AE 1. As said above, a nonzero ΔE QM ðAÞ is expected for 10AE2<A<16AE1, but it might seem surprising for 1<A< 3.5AE0.5.
Based on these data, one possible interpretation could be that, as the dielectric polarizability of a cylinder is close to that of an ellipsoid [131] , the quasistatic model works well for medium aspect ratios (3.5 AE 0.5 < A < 10 AE 2) until retardation effects can no longer be neglected for higher A values (10 AE 2 < A), but that it does not work well for small aspect ratios (1 < A < 3.5 AE 0.5) because the nanoparticles of these aspect ratios are neither ellipsoids nor cylinders but rather are octahedrons.
Nonetheless, it might still seem surprising that the nanospheres studied here with an aspect ratio of 1 are not well described by the quasistatic model: Fig. 7 shows that the experimental values for the (23 AE 1.5)-nm-diameter nanospheres are overestimated by between 0.2 and 0.3 eV. A possible explanation for this redshift of the experimental value with respect to the analytical value for a perfect sphere [as well as for the small-aspect-ratio (1 < A < 3.5 AE 0.5) nanoparticles described above] could be that, due to the low penetration depth of the electric field in gold (which is between 12 and 19 nm in the near-infrared and visible range between 1.5 and 2.4 eV in which the quasistatic approximation overestimates the experimental values, as seen in Fig. 7) , the electric field (even though it penetrates the nanoparticle) is not homogeneous inside the nanoparticle, and thus the quasistatic approximation (which assumes a homogeneous electric-field distribution inside the nanoparticle) is not sufficiently precise for nanoparticles of diameters higher than 20 nm, which is the case for all of the nanospheres studied here, as well as for many small-aspect-ratio (1 < A < 3.5 AE 0.5) nanoparticles [see, e.g., the prolate faceted nanoparticle in Fig. 4(a) ].
Finally, a slight nonsphericity of the NP in the direction of the electron beam could explain the rest of the redshift of the experimental value with respect to the analytical value for a perfect sphere seen in Fig. 7 . Even if ion irradiation breaks the isotropy of the system by defining a privileged direction (the direction of the ion beam) in which the NPs will elongate and, as a consequence, all irradiated NPs are elongated perpendicular to the electron beam, this argument does not apply to the nanospheres studied here, which (as they have not been irradiated) can be elongated in any arbitrary direction like, also, the direction of the electron beam, in which case their nonsphericity remains undetected.
In conclusion, based on a study of 66 nanoparticles with widths between 5.4 and 55 nm and lengths between 18.4 and 120 nm, the quasistatic model predicts the dipolar plasmonic resonance energies with a ΔE of −0.2 AE 0.2 eV for 1 < A < 3.5 AE 0.5, 0.0 AE 0.2 eV for 3.5 AE 0.5 < A < 10 AE 2 and 0.2 AE 0.2 eV for 10 AE 2 < A < 16 AE 1, with A being the aspect ratio of the NP. The small deviations might be due to the octahedral NP shapes and to overly large NP widths (compared to the penetration depths) at small A and to retardation effects at large A.
Analytical dispersion relation (energy vs wave vector)
The analytical "energy vs wave vector" dispersion relation can be calculated with the quasistatic model or (independently) with the waveguide model. However, as in this representation the wave vector β depends explicitly on the length L of the NP, different analytical curves are expected for NPs of different widths (according to the quasistatic model) because two NPs of the same length but different widths have a different aspect ratio and thus a different resonance energy. The waveguide model which approximates the NPs as long cylindric waveguides also predicts different analytical curves for waveguides of different diameters (i.e., widths). As a consequence, it is not possible to compare all of the experimental values from Fig. 7 to the same analytical curve (see also Sec. VA). A width interval thus has to be chosen. The reason for choosing the width interval between 7.0 and 8.0 nm is that it contains a sufficient number of experimental values from both long and short prolate NPs. Figure 8 (a) compares the results of the quasistatic model (drawn for a nanowire width of 7 nm and for a nanowire width of 8 nm, and without fitting) to the experimental data of nanowires of widths between 7 and 8 nm. Figure 8(b) does the same for the results of the waveguide model (drawn for a nanowire width of 7 nm and for a nanowire width of 8 nm, and without fitting).
Table III summarizes the observations from Fig. 8 . ΔE QM ðβÞ is defined as E expt: ðβÞ − E QM ðβÞ, with E QM ðβÞ being defined as ½E QM ð7 nmÞðβÞ þ E QM ð8 nmÞðβÞ=2. ΔE WM ðβÞ is defined analogously. 
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As for the quasistatic model [see Fig. 8(a) and Table III] , it predicts the plasmonic excitation energies of the nanowires very well for β > 70 AE 10 μm −1 (i.e., for L < 45 AE 5 nm). The symbols lie between the two solid lines, and ΔE ¼ 0.05 AE 0.05 eV. The same model slightly underestimates (as expected) the plasmonic excitation energies of the nanowires above this nanowire length (i.e., for L > 45 AE 5 nm), where ΔE ¼ 0.15 AE 0.05 eV.
The reason for the difference of the limit values obtained from Fig. 7 (100 AE 10 nm) and Fig. 8(a) (45 AE 5 nm) is that, in Fig. 7 , we have a wide distribution of values and therefore do not see a difference between the experimental data and the quasistatic model until it is approximately 0.2 eV. By contrast, Fig. 8(a) features a very narrow distribution of experimental values, which already makes a smaller difference of approximately 0.1 eV of the experimental data and the quasistatic model apparent. It is obvious that a precise limit value does not exist but is dependent on the precision with which one wants to predict the plasmonic excitation energies.
As for the waveguide model [see Fig. 8 (b) and Table III ], one notices that the analytical curves for 7-and 8-nmdiameter cylinders lie slightly higher than the corresponding analytical curves of the quasistatic model for 7-and 8-nmwide ellipsoids in Fig. 8(a) , and that therefore (in contrast to the quasistatic model) the waveguide model allows one to predict the experimental values with a small imprecision over the entire studied β range: ΔE ¼ −0.05 AE 0.05 eV for β > 70 AE 10 μm −1 (i.e., for L < 45 AE 5 nm) and ΔE ¼ 0.05 AE 0.05 eV for β < 70 AE 10 μm −1 (i.e., for L > 45 AE 5 nm). The good agreement between the waveguide model and the experimental data is particularly interesting for high β values (i.e., short NPs), as one would not expect the waveguide model to perform this well for this kind of small aspect ratio NPs: the two rightmost NPs in Fig. 8 have aspect ratios of 3.1 and 3.7, respectively). From another point of view, the aspect ratios above of 3.1 and 3.7 are (even if small) already sufficiently high for the NPs to assume a sufficiently cylindrical shape (as opposed to an octahedral shape for lower aspect ratios of roughly 2 AE 0.5), so the quasistatic model makes accurate predictions as well.
However, surprisingly, the plasmonic resonance energy of one nanowire situated at β < 30 μm −1 (i.e., L > 100 nm) [see Fig. 8(b) ] is underestimated by the waveguide model by between 0.2 and 0.3 eV. (The same energy is underestimated by the quasistatic model by approximately 0.3 eVas well, but while the quasistatic model is expected to work less well for longer NPs, the waveguide model is supposed to work well for longer NPs as well.) The most probable reason are experimental inaccuracies like a probable inaccurate determination of the width or energy of this nanowire. This hypothesis is supported by the fact that four other nanowires of similar lengths [i.e., L ≥ 100 nm; see Fig. 8(b) ] are well estimated by the waveguide model. It should also be pointed out that the quasistatic model naturally takes into account the phase shift ϕ upon reflection at the interfaces; thus, the arguments developed in Sec. III of the Supplemental Material [78] do not apply to the quasistatic model. This means that if one corrects the data shown in Fig. 8(a) with the correct value of ϕ, only the β axis has to be rescaled. The experimental data and the modeling curve in Fig. 8(a) would not shift in respect to each other.
By contrast, the arguments developed in Sec. III of the Supplemental Material [78] fully apply to the waveguide model and the aspect ratios [and thus also the experimental β values in Fig. 8(b) ] might have a relative error of up to 20%, which, upon correction with the correct value of ϕ, would shift the experimental values in respect to the modeling curve in Fig. 8(b) .
In conclusion, based on a study of 14 nanoparticles of widths between 7 and 8 nm and lengths between 24 and 120 nm, the quasistatic model (which approximates the NPs as ellipsoids and which is thus expected to work better for low-aspect-ratio NPs) predicts the plasmonic excitation energies of nanowires with lengths 25 AE 5 nm < L < 45 AE 5 nm within a precision of ΔE ¼ 0.05 AE 0.05 eV and underestimates (as expected) those of the longer nanowires (45AE5nm<L<110AE10nm), with ΔE ¼ 0.15 AE 0.05 eV. By contrast, the waveguide model (which approximates the NPs as long cylindric waveguides and which is thus expected to work better for high-aspect-ratio NPs) allows one to predict the experimental values with a small imprecision over the entire studied nanowire length L range: ΔE¼−0.05AE0.05 eV for 25 AE 5 nm < L < 45 AE 5 nm and ΔE¼0.05AE0.05eV for 45AE5nm<L<110AE10nm. However, one NP situated at β<30μm −1 (i.e., L>100nm) could not be correctly predicted, most probably, due to experimental inaccuracies.
VI. APPLICATIONS A. The different types of ion-beam-shaped nanoparticle arrays (IBSNAs)
Possible applications of IBSNAs are abundant and can be sorted into applications of "widely spaced" IBSNAs (in which the nanoantennas behave like isolated nanoantennas) and of "narrowly spaced" IBSNAs (in which the main feature is the appearance of hybridized plasmonic modes) on one hand, and into applications of "surface array" IBSNAs (in which the nanoantennas are close to the surface of the SiO 2 specimen) and of "volume array" IBSNAs (in which the nanoantennas are in the volume of the SiO 2 specimen far from its surfaces) on the other hand.
In this section, wide spacing means that the nanoantennas are far enough apart so that hybridized plasmonic modes do not appear. Nonetheless, even the wide spacing can be a very dense spacing with interantenna distances below the wavelength of the incident light [132] , respectively the wavelength of the photon having the same energy as the plasmon mode of the nanoparticle. In particular, Figs. 5(i) and 6(k) show that the excitation probability decreases rapidly with the lateral distance to the particle (to 10% and 30%, respectively, of the maximum excitation probability at a lateral distance on the order of 20 nm). If one takes 10% of the maximum excitation probability as the cutoff criterion, Fig. 5(i) indicates that, for nanoparticles with intermediate aspect ratios (5 AE 1), even a spacing as small as 20 nm is already a wide spacing, whereas, for nanoparticles with high aspect ratios (12 AE 3), an extrapolation of Fig. 6(k) indicates that a spacing of 45 AE 5 nm is already a wide spacing (meaning that the nanoantennas behave as isolated nanoantennas).
In what follows, we first describe the possible applications of widely spaced IBSNAs (of both the surface-array type and the volume-array type) in more detail, then briefly comment on the possible applications of the corresponding narrowly spaced IBSNAs.
B. IBSNAs for surface-enhanced Raman spectroscopy (SERS)
As for what concerns the surface-array type of the widely spaced IBSNAs, a very interesting application is its utilization for SERS [133] . The main advantages are the easy tuning possibility of the resonance frequency through control of the nanoantenna aspect ratio, and also the possibility of enhancing the Raman signal within the infrared domain. Figure 9 illustrates the fabrication procedure and the utilization of a surface-array IBSNA for SERS. First, a horizontal Au nanosphere array in SiO 2 is irradiated by an oblique ion beam [see Fig. 9(a) ]. Then, the SiO 2 layer above the nanoantennas is removed by standard FIB methods or by HF etching [see Fig. 9(b) ]. This modification of the dielectric environment of the nanoantennas is expected to induce a slight blueshift of the dipolar resonance of the nanoantennas which has to be compensated for by a slightly higher aspect ratio of the nanoantennas (compared to nanoantennas embedded in the volume of a SiO 2 layer). Finally, molecules deposited on the surface of the specimen [see Fig. 9(c) ] can be detected with SERS in a confocal setup with a linearly polarized laser beam [see Fig. 9(d) ].
The oblique orientation of the nanoantennas allows for a much better coupling between the long nanoantenna axis with the linearly polarized laser beam than in a vertical geometry (where the long nanoantenna axis would only have the possibility to couple to the weak longitudinal component of the linearly polarized laser beam). The field enhancement (and thus also the Raman signal emitted by the molecules) is stronger the closer the molecules are to the nanoantennas [see Fig. 9(d) ]. In particular, Figs. 5(f) and 6(g) show that not only can the electric-field enhancement jEj=jE 0 j reach values of approximately 50 in the immediate vicinity of the nanoantennas but that it still reaches values of 7 AE 2 as far as 15 nm from the nanoantenna tip. As the SERS enhancement [133] equals ðjEj=jE 0 jÞ 4 , this means that a two-dimensional nanoantenna lattice with a 40-nm spacing would enhance the SERS signal over 44% of the surface area of the specimen [π · ð15 nmÞ 2 =ð40 nmÞ 2 ¼ 0.44], with a factor of between 10 3 and 10 6 . In addition (if the spacing is above but on the same order of magnitude as the wavelength of the incident light), diffractive coupling between the ion-beam-shaped nanoparticles can (under the right incident conditions) lead to the creation of lattice-surface modes [134] , which, in their spectral response of the IBSNA, manifest themselves as Fano resonances [134] [135] [136] and which can be tuned by the nanoantenna shape, orientation, and spacing [134, [137] [138] [139] . In contrast to the resonances of the individual nanoantennas, which usually feature quality factors smaller LOCALIZED PLASMONIC RESONANCES OF PROLATE … PHYS. REV. APPLIED 9, 064038 (2018) 064038-15 than 10, the quality factors of Fano resonances can reach several hundred [134, 138, 139] , which can be exploited for very selective molecule detection in SERS applications.
C. IBSNA-based second-harmonic generator (SHG) and polarization-state analyzer of laser beams
As for what concerns the volume-array type of the widely spaced IBSNAs, a very interesting application is its utilization for SHG [140] . The main advantage is the dependence of its SHG emission on the angle between the nanoantenna axis and the incidence direction of the laser beam, as well as on its polarization state. This dependence has already been shown experimentally on one of our IBSNAs [140] for linearly polarized (LP) and radially polarized (RP) beams by acquiring spatially resolved (with respect to the laser beam position) SHG intensity signal maps (see Fig. 10 ) and by analyzing the maximum SHG intensity which can be generated depending on the tilt angle between the incidence direction of the laser beam and the long nanoantenna axis (see Fig. 11 ).
The dependence of the SHG emission on the polarization state of the laser beam is illustrated in Fig. 10 (e5)]. The SHG intensity is always normalized to the highest intensity observed among the two polarizations, allowing a visual comparison. The experimental (green lines) and calculated (red lines) intensity profiles for the different nanoantenna orientations using both focused x-polarized linear and radial polarizations are also shown. [Columns (b3)-(e3) and (b6)-(e6) are calculated SHG images using focused linear (x) and radial polarizations under the same experimental conditions.] This figure was reproduced from Slablab et al. [140] under the Creative Commons CC BY license [141] and was slightly modified.
longitudinal field components of the focused LP beam, which are offset from the geometrical focus in the direction of the incident linear polarization [142] . By contrast, the SHG signal maps for a focused RP laser beam (and the same nanoantenna orientation) in Fig. 10(b5) show a single strong spot centered at the location of the nanoantenna. The reason is that the longitudinal field of the RP laser beam is significantly stronger and is centered at the geometrical focus.
If The maximum SHG intensity which can be generated by an isolated nanoantenna is shown in Fig. 11 . The dependence of this maximum SHG intensity on the tilt angle between the incident laser beam and the long axis of the nanoantenna shows a striking difference between the two studied polarization states. In the case of the LP laser beam, one maximizes the SHG signal by maximizing the tilt angle, whereas, in the case of the RP laser beam, one maximizes the SHG signal by minimizing the tilt angle. The reason is that, in the case of the LP beam, the strongest coupling to the long axis of the nanoantenna can be achieved through the linear in-plane field component of the LP laser beam (which requires a tilt angle as close as possible to 90°), whereas, in the case of the RP beam, the strongest coupling to the long axis of the nanoantenna can be achieved through the longitudinal field component of the RP laser beam (which requires a tilt angle as close as possible to 0°).
The sensitivity of the spatial SHG signal intensity distribution on the precise polarization state of the laser beam (as illustrated in Fig. 10) and the (precise polarization-state-dependent) sensitivity of the maximum SHG intensity generated by the nanoantenna on the tilt angle between the incident laser beam and the long axis of the nanoantenna (as illustrated in Fig. 11 ) can be exploited for the determination of the distribution of the incident electric field of a highly focused laser beam in its focal volume. The IBSNA can thus be used as a polarization-state analyzer of laser beams of unknown polarization states. FIG. 11. (a)-(c) Experimental measurements of the maximum SHG signal from an isolated nanoantenna. (a) and (b) correspond to the quadratic dependence of the SHG signal on the laser input power for linear and radial polarizations, respectively, and for different nanoantenna orientations. (c) The maximum SHG signal as a function of the nanoantenna tilt angle for linear (blue) and radial (red) polarizations and for an average input power of 10 mW. The dashed curves (red and blue) serve as guides for the eye. This figure was reproduced from Slablab et al. [140] under the Creative Commons CC BY license [141] and was slightly modified.
D. Applications of narrowly spaced IBSNAs
Narrowly spaced IBSNAs (of both the surface-array type and the volume-array type) would be equally well suited as the corresponding widely spaced IBSNAs for the applications described above, with, however, the difference that (in contrast to the widely spaced IBSNAs) hybridized plasmonic modes would emerge. As these modes can only emerge if there is a non-negligible interaction between the plasmonic excitations on two adjacent nanoantennas, the narrowly spaced IBSNAs have to feature a sufficiently small interantenna spacing. As can be seen in Figs. 5(i) and 6(k), the excitation probability decreases rapidly with the lateral distance to the particle (to 10% and 30%, respectively, of the maximum excitation probability at a lateral distance on the order of 20 nm). This means that in order to generate hybridized plasmonic modes, one should use IBSNAs with high aspect ratios (12 AE 3) and very small interantenna distances (< 40 nm).
However, because of the initial size of the nonirradiated Au nanospheres (20 nm) and the necessity to separate the nanospheres with a sufficiently thick layer of SiO 2 (which we estimate to be 20 nm but which has yet to be confirmed by experiments) in order to prevent merging of the spheres and to ascertain the correct shaping of the nanoantennas, the minimum interantenna distance is limited in a conventional arrangement [see Figs. 12(a1) and 12(a2)] to values above 40 nm but could be reduced in an intertwined arrangement [see Figs. 12(b1) and 12(b2) ] to values in the range of 20-40 nm. Within this range, we expect the nanoantenna spacing to be an important tuning parameter of the plasmonic response of the IBSNA, and to enable a multitude of different plasmonic responses.
In particular, if the geometric parameters of the volume array type of the narrowly spaced IBSNAs are correctly chosen, we expect them to behave as hyperbolic metamaterials [143, 144] . Hyperbolic metamaterials have possible applications in subwavelength resolution imaging, nanolithography, spontaneous emission enhancement, thermal coherent sources, and many other areas [143, 144] .
More generally, we would also expect the volume-array type of the narrowly spaced IBSNAs to also find their use in general wave-front shaping [132] , as negative-index metamaterials [145] , in superresolution imaging [17] , and in invisibility cloaking [146] .
To sum up, we expect ion-beam-shaped nanoparticle arrays to have an abundant number of interesting applications, above all in surface-enhanced Raman spectroscopy and second-harmonic generation, but also in conventional applications of metamaterials like negative refraction, superimaging, and invisibility cloaking.
VII. CONCLUSION
In conclusion, we perform in this paper an experimental STEM-EELS nanoscale plasmon mapping study of how the energies and the shapes of the plasmonic resonances of spherical gold nanoparticles (fabricated by electron-beam lithography) evolve when the NP shape evolves from spheres to prolate faceted particles and cylinders, respectively (with the shape change being induced by swift heavy-ion irradiation), while their volume stays constant, and we compare these experimental results to numerical ADE-FDTD and MNPBEM simulations, as well as to two analytical models (the quasistatic model and the waveguide model). Four main results are obtained.
Our experimental STEM-EELS study allows us to directly confirm the evolution of the LSPRs in individual isolated prolate gold nanoparticles, nanorods, and nanowires as a function of the real shape of the nanoparticle in a symmetric environment with nanometric precision. First, these results confirm that the ion-beam-shaping process does not affect the plasmonic properties of the final particle in any negative way but instead produces nanoparticles whose plasmonic properties can be well predicted by theory. Second, these results confirm as well that the experimentally determined plasmonic properties of nanoparticles in a symmetric environment agree well with theory on a nanometric scale.
Third, these results confirm that the energies and shapes of dipolar plasmonic resonances, of higher-order longitudinal resonances, and of transverse resonances (for closeto-spherical NPs) are well predicted without fitting by the numerical ADE-FDTD and MNPBEM simulations within a precision of 0.1-0.2 eV. We expect to achieve better precision by a more precise modeling of the small deviations of the shape of the NPs from the perfect cylinder structure and by a more precise determination of the dielectric function by experimental means. Fourth, these results confirm that the two analytical quasistatic and waveguide models also allow one to estimate the dipolar mode energies of metallic NPs with similar precision but not for all nanoparticle lengths or aspect ratios. From the point of view of the nanoparticle aspect ratio and based on a study of 66 nanoparticles with widths between 5.4 and 55 nm and lengths between 18.4 and 120 nm, the quasistatic model predicts dipolar plasmonic resonance energies with a ΔE of −0.2 AE 0.2 eV for 1 < A < 3.5 AE 0.5, 0.0 AE 0.2 eV for 3.5 AE 0.5 < A < 10 AE 2, and 0.2 AE 0.2 eV for 10 AE 2 < A < 16 AE 1, with A being the aspect ratio of the NP. The small deviations might be due to the octahedral NP shapes and to overly large NP widths (compared to the penetration depths) at small A and to retardation effects at large A. From the point of view of the nanoparticle length and based on a study of 14 nanoparticles of widths between 7 and 8 nm and lengths between 24 and 120 nm, the quasistatic model (which is supposed to work better for low-aspect-ratio NPs) predicts the dipolar plasmonic excitation energies of nanowires with lengths of approximately 25 AE 5 nm < L < 45 AE 5 nm, with a precision of ΔE ¼ 0.05 AE 0.05 eV, and underestimates (as expected) those of the longer nanowires (45 AE 5 nm < L < 110 AE 10 nm), with ΔE ¼ 0.15 AE 0.05 eV, whereas the waveguide model (which is supposed to work better for high-aspect-ratio NPs) allows one to predict the experimental values with a small imprecision over the entire studied nanowire length L range: ΔE ¼ −0.05 AE 0.05 eV for 25 AE 5 nm < L < 45 AE 5 nm, and ΔE ¼ 0.05 AE 0.05 eV for 45 AE 5 nm < L < 110 AE 10 nm, as long as retardation effects do not need to be taken into account.
We believe that the experimental verification of the accuracy of numerical and theoretical methods reported here will facilitate the design of alternative plasmonic metamaterials by reducing the need for extensive experimental studies and referring more to numerical simulations, or even to analytical models. Having confirmed that the ion-beam-shaping process produces nanoparticles whose plasmonic properties can be well predicted by theory, and that the experimentally determined plasmonic properties of nanoparticles in a symmetric environment agree well with theory on a nanometric scale, future work is expected to use the ion-beamshaping technique's potential of arranging prolate nanoparticles all aligned in a direction of choice in regular 3D arrays in order to either exploit the plasmonic properties of the isolated nanoparticle on a macroscopic level with widely spaced nanoparticles (with many possible applications in surface-enhanced Raman spectroscopy and second-harmonic generation) or exploit the plasmonic coupling effects between narrowly spaced prolate nanoparticles oriented in a direction of choice, resulting in alternative plasmonic metamaterials (with many possible applications in negative refraction, superimaging, and invisibility cloaking).
